We determine the number of nonequivalent chord diagrams of order n under the action of two groups, C 2n , a cyclic group of order 2n, and D 2n , a dihedral group of order 4n. Asymptotic formulas are also established. §1
§1
Given 2n different points on a circle ask a question: in how many different ways may the points be joined by chords. The answer depends of course on our understanding of the word "different".
The configuration (actually a graph) consisting of the circle and n chords joining 2n different point is called a chord diagram of order n or, shortly, ndiagram. In the present paper, we let a group G act on the circle and consider two n-diagrams as indistinguishable or equivalent if the one is transformed into the other by a suitable element of the group.
With the identity group acting on the circle, all n-diagrams are distinct and there are altogether (2n)! 2 n n! = (2n − 1)!! diagrams with n chords. This case is well-studied: Errera [1] (see also A. M. Jaglom and I. M. Jaglom [2] ) determined the number of n-diagrams with the additional requirement that no chords intersect inside the circle which equals (2n)! n!(n+1)! . Touchard [3] and later Riordan [4] extended that result to enumeration of n-diagrams by the number of crossings of the chords, which is given by a generating function T n (x) satisfying the following relation
Generally chord diagrams are not strict graphs as they may have double edges. Chord diagrams which are strict graphs were considered by Hazewinkel and Kalashnikov [5] . Let b 2n be the number of strict n-diagrams under the identity group. They proved that a 2n = n i=1 b 2i satisfies the recurrence a 2n = (2n − 1) a 2n−2 + a 2n−4 .
Chord diagrams considered to within an equivalence induced by a cyclic group action appear in different contexts. In the theory of knots they are used to describe Vassiliev knot invariants in a purely combinatorial way by considering the algebra of functions defined on the set of chord diagrams satisfying certain linear equations [6] , [7] . Chord diagrams also appear in the classification of vector fields and smooth functions on surfaces up to a homeomorphism where stable separatrices of critical points together with a component of the surface boundary form a chord diagram embedded into the surface [8] . §2 Definition 1. A chord diagram of order n is a 3-regular graph with the vertex set [2n] = {1, 2, . . . , 2n} containing the 2n-circuit ∆ 2n = (1 2 . . . 2n) as a subgraph. The circuit is called a circle, the edges not belonging to the circuit are called chords.
Definition 2. Let a group G act on the circuit ∆ 2n . Two n-diagrams Γ 1 and Γ 2 are said to be equivalent if there is a g ∈ G which takes the chords of Γ 1 into the chords of Γ 2 .
Our first result is the following Theorem 1. The number of nonequivalent n-diagrams under the action of a group G equals
Here S n ≀ S 2 is the wreath product of two symmetric groups S n and S 2 , π ∈ S n ≀ S 2 has cycle type 1
and the product is taken over all i ∈ [2n] such that π i > 0, the product being equal to zero if π i > η i for some i.
Proof. For each chord diagram, a subgraph consisting of its chords is a 1-factor. The chords of all n-diagrams constitute the complete graph K 2n , the chords of each single n-diagram being again a 1-factor of K 2n . The action of G on ∆ 2n induces an action on the set F 1 of all 1-factors of K 2n . The orbits of F 1 under that action are in a one-one correspondence with the nonequivalent n-diagrams. A 1-factor of K 2n can be represented by a n × 2 matrix whose entries belong to [2n] and are all distinct: each row corresponds to an edge, two row entries being the end points of the edge. This correspondence is not unique. It is defined to whithin an equivalence induced on the set of such matrices by independently permuting entries in each row and permuting the rows bodily. This amounts to the action of the wreath product S n ≀ S 2 . The action of G on the set of 1-factors is equivalent to the action of G on the set of 2 × n-matrices.
We thus arrive at the following setting: given two sets
, and the group G acts on the set [2n]. Two mappings
. The equivalence classes of mappings are in a one-one correspondence with the orbits of F 1 . In this setting, an argument of de Bruijn [9] applies which he used to prove a theorem on the number of classes of bijective mappings. The proofe is complete. §3
We now specialize G to a cyclic group C 2n of order 2n and obtain a much simpler expression for the number of nonequivalent n-diagrams.
Theorem 2. The number c n of nonequivalent n-diagrams under the action of a cyclic group C 2n equals
where ϕ(i) is the Euler function and
for i | 2n.
Proof. Each permutation η ∈ C 2n has cycle type i 2n/i , i | 2n. If π ∈ S n ≀ S 2 has a cycle of length = i the product in (1) equals zero, otherwise it reduces to a single term i
To determine ψ n (i) we first establish a relationship between the cycles of τ ∈ S n and the cycles of (τ,σ) ∈ S n ≀ S 2 .
If
is a cycle of τ ∈ S n then, for anyσ ∈ S n 2 , the length of a cycle of (τ,σ) ∈ S n ≀ S 2 induced by K τ depends only on σ k ∈ S 2 , k ∈ K τ . Let L = {k ∈ K τ : σ k = e} where e is the identity permutation. If |L| is odd then K τ induces one cycle of length 2 |K τ |. If |L| is even then K τ induces two cycles both of length |K τ |.
Let i | 2n be odd. For π = (τ,σ) to have cycle type i 2n/i the permutation τ must have cycle type i n/i . The number of such τ ∈ S n equals n! i n/i (n/i)! . Now we fix τ and count the number ofσ ∈ S n 2 such that (τ,σ) has cycle type i 2n/i . Each cycle K τ of τ induces two cycles of (τ,σ) of the same length i. Hence |L| must be even for each K τ . There are
For different cycles of τ the choices are independent, so we have (2
Multiplying the expressions for τ andσ we get
for i odd.
Let now i | 2n be even. For π = (τ,σ) to have cycle type i 2n/i the permutation τ must have cycle type (i/2)
We fix τ and count the number of correspondingσ. Each i/2-cycle of τ induces one cycle of (τ,σ) of the length i. Hence |L| must be odd for each i/2-cycle of τ . There are
choices for L. Each i-cycle of τ induces two cycles of (τ,σ), both having length i. Hence |L| must be even for each i-cycle of τ , and we again have 
for i even. It remains to substitute (5) and (6) into (4). Setting
for i odd and
for i even which completes the proof.
As the terms in (2) are all positive it is clear that c n = (2n) −1 (2n − 1)!! is a lower bound for c n for n ≥ 1. It is an easy matter to show that c n is actually an asymptotic estimate for c n as n → ∞.
Corollary 1.
c n ∼ c n as n → ∞
Proof. Dividing out the first term in (2) gives
We begin with establishing an upper bound for ν n (i) using Stirling's formula in the following form
where θ = θ(n) satisfies 0 < θ < 1 (see [10] ). We have
for i | 2n odd. Using the following estimate n k ≤ ne k k (see [10] ) for the binomal coefficients we obtain
for i | 2n even. Comparing upper bounds (9) and (10) we conclude that
Going back to (8) we see that
as n → ∞ and the result follows.
Corollary 1 shows that asymptotically each equivalence class contains 2n diagrams, which is equivalent to saying that the fraction of 1-factors of K 2n with a nontrivial stabilizer in C 2n tends to zero as n → ∞. §4
The analysis done in the proof of Theorem 2 allows us to handle the case of a dihedral group D 2n . Theorem 3. The number d n of nonequivalent n-diagrams under the action of a dihedral group D 2n equals
where
Proof. As C 2n < D 2n it follows from (1) that
where γ n represents the contribution of those permutations of D 2n which are not in C 2n . Such permutations have cycle type either 2 n or 1 2 2 n−1 and there are n permutations of each type in D 2n . The product in (1) equals 2 n n! for permutations of cycle type 2 n and 2 n (n − 1)! for permutations of cycle type 1 2 2 n−1 . So we can write
where Ψ n is the number of π ∈ S n ≀ S 2 of cycle type 1 2 2 (n−1) and ψ n (2) is the number of π of cycle type 2 n . Applying the analysis in the proof of Theorem 2 we see that for each τ ∈ S n of cycle type 1 l 2 k , l + 2k = n, l ≥ 1, k ≥ 0 there are l · 2 k permutations σ ∈ S n 2 such that π = (τ, σ) ∈ S n ≀ S n 2 has cycle type 1 2 2 (n−1) . Multiplying and summing up over all admissible l, k and simplifying we get
Substituting the expressions for ψ n (2) and Ψ n into (13) we obtain
Below are shown all nonequivalent (under the cyclic group) 3-and 4-diagrams. Except for the two diagrams 12 and 13 all of them are also nonequivalent under the dihedral group. 
